ON FINITE GROUPOIDS AND x-PRIME ALGEBRAS()

BY
RALPH McKENZIE

Introduction. By an algebra we shall here mean a system A={4; f. D)< CON-
sisting of a nonempty set 4 and a sequence of finitary operations f,, on A indexed
by an ordinal «. The algebra % is of type = if = is an «-termed sequence of non-
negative integers and for every « <«, the rank of f, is 7. #; denotes the class of
all algebras of type . In what follows, no further restrictions are assumed other
than those explicitly stated. However, we will employ common notation and
concepts from the theory of algebras without a formal introduction.

In the study of direct decompositions of algebras, attention has thus far been
mainly directed to the unique factorization property and to various refinement
properties. For definitions, results and further bibliographical references concerning
these properties see [2], [4], [6] and especially [S]. This paper deals with a closely
related notion, the concept of a prime algebra. Let "< ;. An algebra % is said
to be ¢ -prime or prime in the class J¥; provided that % € ¥, |4| > 1 and whenever
B,Ce A, ABxC implies A|B or AC. Here A|B means that there exists D
such that B>UA x D(3).

Assume that ¢ has the following properties. (I) Whenever U x 8 € ", then
A € A, (IT) Whenever A~ B € X, then A € A Then it is clear that every finite
X -prime algebra is directly indecomposable. In [6] it is proved for certain extensive
classes ¢ that conversely every nontrivial finite directly indecomposable algebra
in X is X -prime. On the other hand, as observed in the same monograph [6,
p. 60], the properties of being ¢ -prime and of being indecomposable are not so
simply related for infinite algebras in these same classes. Of course, assuming (I)
and (II), if every algebra in ¢ is finite and has the unique factorization property
and if 0 is closed under.the taking of direct products of finitely many algebras,
then X -prime algebras and nontrivial indecomposable algebras in £~ are the same.

This paper is mainly concerned with the determination of the 2/ "-prime algebras
in case X is either X; or the class of all finite algebras of type r. In the former
case a complete solution is easily obtained from our results. In the finite case our
results are far from complete.
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The principal theorem in §1 states that if the type 7 includes at least one operation
of positive rank, then there are no J;-prime algebras. A similar result for certain
equational subclasses of ¥; is included for completeness.

The main result is attained in §2. Let 7={2> so that ; is the class of all
groupoids.

THEOREM. Let &={G, -> be a group und let A, B, € be finite groupoids such
that Ax B> G xC. Then IG', &", A’', B’ such that G=G' x G", CxA' x B’,
WUxW' x @ and BB’ ' x G”.

The proof of this theorem requires a simple but involved counting argument.
As an immediate corollary: Every finite indecomposable group with more than one
element is prime in the class of all finite groupoids. This theorem and corollary are
valid for loops as well as for groups.

In §3 we apply the refinement theorem of §2 to derive the unique factorization
property for certain finite semigroups; more explicitly, for finite groupoids
A={4, -> satisfying the following two conditions: (1) For every x,y,z€ A,
x-(y-2)=(x-y)-z; (2) Whenever x#y, x, y € A, there exist u, v € A depending on
x and y, such that x-u#y-u and v-x#v-y.

The problem of the existence of prime algebras in the class of all finite algebras
of type 7, where 7 is unrestricted, remains unsettled. This problem, the possibility
of extending the results presented here, and other topics are discussed in §4.

1. Algebras prime in their similarity type. Throughout this section, « denotes a
nonzero ordinal number, 7 € ®w and ¥, denotes the class of all algebras of type .
We assume additionally that 7,>0.

DeFINITION 1.1. If X=X, then X® is the class of all & -prime algebras.
Aex? iff Ae A, A has more than one element and whenever B, € e .X,
A|B x € implies that A|B or A|C.

THEOREM 1.1. ()P =0.

The characterization of J¢,-prime algebras in the cases not covered by Theorem
1.1 is very easy, and of little interest. The proof of this theorem does not lie very
deep. In order to prove it, we adopt the following conventions and definitions:
Every cardinal number m is a set—m is the set of all ordinals of cardinal number
<m. If A is a set, then |4| is the cardinal number of 4.

DEFINITION 1.2. (1) Let m>0 be a cardinal number. Then Oy ={m; f )<, IS
defined by letting f,(x)=0 for every x <e, x € *m.

(2) If A e A, then Ry={y € 4 : A <a)(3x € *A)(f(x) =»)}.

(3) If A € X, then ~y is the congruence relation on % determined by setting
w~gx if and only if for every k<, i<7,, y€'4d and z € **~'~14, it is true that

Sy™Xw)™2) = fly™<x>"2).
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To illustrate these notions, we observe that if «=1 and 7,=2 (i.e. if 7 is the
class of all groupoids) then for A € ;, w, x € 4,

W~ x o (Vy € Afo(p, W) = fo(3, %) A fo(W, y) = folx, ¥)).

Also note that ~p, =2m and that, for arbitrary % € ¢;, ~q=24 if and only if for
every x <a, f¥ is constant. Finally, observe that A~ if and only if |Ra|=1.

LemMMA 1.1. If m>0, then Oy, ¢ (A7)

Proof. If m=1, then O, ¢ (X;)* by convention. We require two cases.
Case 1. 1<m<N,. Define A, BeH A=(m?; I, where fJ(x)=0 if
x>0 and x € *(m?2); while

(M) x) = i
if0<i, j<m and x € o~ }(m?). B=(m-(m+1); £, ., where f3(x)=0 if « >0 and
x € =(m-(m+1)); while
S m+D)+)"x) =i
if0<i<m,0SjSm and x € *o~}m-(m+1)).
Then Oy, x B2 Oy, XU, The isomorphism takes
(G j-m+1)+k)—>(k,jm+i), O<j<m 0sksm,
G k)—@G,k), O0=k<m,
(i, m) — (m, ).
But Oy 1 Op4, since mt(m+1), and O 1 A since 0/ ~y={0, 1,..., m—1)S Ry.
Hence O, ¢ X7,

Case 2. m2X,. Let ¢ be any bijection from m onto m? (=m xm), and let s be
any bijection from m onto (m~{0})xm. Define Be X, B=(mxm;f>, .
where £2(x)=(0, 0) if >0 and x € *(m x m); while

2 (G P)2) = t(x),

if x, yem and z € %o~ }(m x m).
Then O, x B~ O, x B. The isomorphism:

©, (x, ») = (0, (x, ),
1, (x, ) = (so(»), (x, 5:()))

where s(y)=(so(»), 51(»)). This concludes the proof for Case 2, since O, t O, and
Ont B (Rs=B). Q.E.D.

LeMMA 1.2. If U is finite, then A ¢ A?.

Proof. By Lemma 1.1, we may assume that |Ry|>1 and that (consequently)
1<|4|<R,. Pick xo€ 4 and let B e X, with A<V, B=A4 U {y,}, yo ¢ 4 and
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Xo~m Yo. Clearly B exists. There exists an isomorphism

QIX!D;QO jad %XD&O

which acts as follows:
(x,0)—>(x,0), xe 4;
(x/ ~2) X (w~{0}) = (x/ ~8) X (w~{0}), x € A and not x~yx,;
(xo/ ~2) X (w~{0}) — [(xo/ ~8) X (0 ~{0})] U {(yo, 0)}-
Since |Ry| > 1, A { Oy,. Since |B|=|4|+1<R,, At B. Q.E.D.

LeMMA 1.3. If ~y#2A4 then A ¢ X7,

Proof. Let A e, with ~y#24. Pick xoe 4 and let BeN, with A<BY,
|B|=m>|4| U R, and B~ 4 < x,/~p. Up to isomorphism over % exactly one such
B exists for each m.

It is easily seen, as in the proof of Lemma 1.2, that

Ax Oy =~ B X Oy,

Now, %A t O, since ~y#24. Suppose AxEx B for some €. Then, since |x,/ ~|
=m> |4| U R,, there exists ¢ € C such that |c/~g|=m. But since ~ys 24, there
exist x, y € A x € such that x »y gy and |x/ ~yx¢|=|y/ ~uxc| =m. Butin B, there
is only one set x/~g (=xo/~m) with |x/~g|=m. Hence A{ B and A ¢ K*.
Q.E.D.

We will now complete the proof of Theorem 1.1 by considering the cases not
excluded by the preceding three lemmas. Thus we assume e, |4|2R,,
~g=24 and |Ry|=n> 1. For every <, f¥is a constant operation, and we denote
the value of the constant by . (f; € 4). Thus Ry={f, : x <«}. The argument splits
into two additional cases:

In the first case, Ru# 4. Let Ry= < Ry, £ { Ru> x <o Clearly Ry € ¥;. Also

%XD"“ jad QRQIXDL”.

Moreover %A t O, since |Ry|>1; and A|Ry since Ry A while Ryy=*universe
of Ry (= Ry). Hence A ¢ X7,

In case Ry=A, let x;, x5, x5 be three distinct members of 4, say x,= ﬁ,U =1, 2, 3).
Let 6 be the equivalence relation on 4 which identifies x, with x, with no further
identification. Let ¢ be the similar minimal equivalence relation identifying x, with
Xa. Since ~y =24, 0,  are congruence relations on 2. It is clear that if 8 =%/0 x Ay,
then A=Ryp as in the last paragraph. Hence A x O, > A/0x A/px O, ,, also as
above. Now % { %/6 since f;, #f,, while f2°=£°, Similarly, % t (/¢ x O, ;). Thus
A ¢ HP. This concludes our proof of Theorem 1.1.

The more general theorem which follows is easily derived from an examination
of the preceding argument.

THEOREM 1.2. Let & be any equational subclass of X, containing the algebra O,.
Then for every &-prime algebra %, A= O, 4.
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Note that the assumption O, € & actually implies that ©,, € & for every cardinal
m and is equivalent to the assumption that no nontrivial equation holding in &
has a variable for one of its terms.

2. Finite groups and groupoids. Throughout this section, )¢ denotes Jf¢,,.
Members of ¢, written as ordered pairs A=<{4, o), are called groupoids. ¥
denotes the subclass of groups. We use the notation X, for the class of finite
algebras in ¢, and of course a similar notation for any other class of algebras.
The main theorem follows.

THEOREM 2.1. Let A, B, €€ X, let & € 9, and assume that
()) Ax B =~ G xC.
Then there exist &', 8" € 9, and W', B' € KA, such that
)] AxAXxG, BxB'x@F", CxWAUxB and G~ ' xG".

There are several obvious corollaries to this theorem, the first of which contrasts
strongly with Theorem 1.1.

COROLLARY 2.1. 9% cX?,

If A € 4, then clearly there exist & € 4, and B € X, such that A~ G x B
and every factor of 8 which belongs to ¢ is a one element group.

COROLLARY 2.2. & and B are determined up to isomorphism by .
COROLLARY 2.3. If € %, A, Be X, and G x A~ G x B, then A~ B.

Corollaries 2.1 and 2.2 are immediate from Theorem 2.1. Corollary 2.3 can be
derived from 2.2, together with the well-known fact that it holds with ¢, replaced
by ¢, [6, Theorem 3.11]. Theorem 2.1 follows by an inductive argument from its
special case in which & is directly indecomposable. The remainder of this section is
devoted to a proof of the special case.

Thus we assume that %, B, € € X, that & is a finite indecomposable group,
and that

@ ¥:AxB ~ §xC

is a fixed isomorphism from %A x B onto & x €. We use the symbols p, and p, for
the first and second projections on a cartesian product. Thus if X=X, x X,,
then

(Vx € X)(x = (po(x), P1(x))).

The proof takes the form of a sequence of seven lemmas, but its general outline
is simple.

The first step is to correlate with the decomposition (I) congruence relations =
on A, B and € and an isomorphism

(Y] P /=xB/= > xC/=
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such that %/=, B/=, and €/= are groups and for which the diagram

¥
AX B —> G xC

Iy |

A=xB/= —> GxC/=

commutes. The two unnamed maps here are the obvious ones. Since the algebras
occurring in (I') are groups, it determines homomorphisms %A/= — &, B/= - &
and similar mappings in the other direction. From our construction it follows that
the first two mappings are injective. The assumption that & is indecomposable
allows the application of a theorein of Jonsson and Tarski and we conclude that
one of the mappings & — A/=, & — B/= is injective. Assume it is the latter.
Then & — B/= is an isomorphism.

Now the identity element of the group B/= is the universe of a subalgebra ®
of B. The last part of the proof requires an examination of the behavior of the
equivalence relation ~g on B and the behavior of the set Ry (see Definition 1.2)
relative to the isomorphisms (I), (I'). By comparing the cardinalities of equivalence
classes, we are able to construct a homomorphism 7 from 9B onto ¥®. 7 is con-
structed in such a way that px 7 : B> B/= x D where p is the quotient map, and
that

-1 X7
C——> BXE —> AXYB —— AXD

is an isomorphism from € onto %A x D. Thus we can take @’ to be the one element
group, 8"=@, A'=A and B'=D and the proof is complete.

The detailed proof begins with the definition of some auxiliary notions which will
not be needed after the second lemma. Let n=2-|G|.

DEFINITION 2.1. (i) 2 % s=(---((t-5)-5)- - -)-5 (s occurs n—1 times).

@) f(H)=t=*1t.
Let m be the least integer ¢ > 1 such that the gth iterate of f'is idempotent on 4, B, C
and G: f™ =™ (m exists since 4, B, C and G are finite). '

@iii) 2o s=[---[[(z % 8) * f()] * )] - -] % [T D(s).

LEMMA 2.1. ¥ preserves *, f, and o. Moreover, if g, he G and t € A(B, C or G)
then f(g)=1,goh=g-h Y andtot=(tot)o (t o t)=f™(t).

This lemma is obvious. 1 and ~! refer to the definable operations in the group &.

LEMMA 2.2. Let a,a’ € A and let b, b’ € B. Then
() If po¥(a, b)=po¥Y(a, b'), then for every x € A, p¥(x, b)=p,¥(x, b").
(i) If po¥(a, b)=po¥(a', b), then for every y € B, p,¥(a, y)=po¥(a’, ).

(This lemma is obvious if % and B are groups.)
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Proof. By symmetry of assumptions, we need only prove (i). Assume that
ao, oo € A, by, bo € B, o, Co» Yo, Yo € C, that go, ho, ko € G with ho#k, and that
W(ao, bo) = (&os Co); W(eo, bo) = (hos o),

"F(ao, b:)) = (gOa 66), lF(aOs b:)) = (kO’ 7:))*

Using Definition 2.1 (iii), define inductively for i € w,

M

Biri=8oh, @, =aoca, b, =bob, cy1=coy,

Yi+1 = Y1°Cp

’ U U ’
)] hiyi=hog, e, =oca, by =bob, ¢y =cioy,
’ ’
Yi+1 = Y1°Cy,
kivi = kiog.

Then from (1), (2), and Lemma 2.1, we have for every natural number i,
Y¥(a;, b) = (g, ), Y(e, b) = (b, 71),
\Y(ab b;) = (gb C:), ‘F(ab b;) = (kh ‘}';) and hi # kl'

Now choose integers g, p>1 such that

3

@ b, = b).q
Define another polynomial 3 by
®) s#t=[[set)oon)o(tor)] -lo(tor),

with ¢ o f occurring g— 1 times. Now by (2) and Lemma 2.1, we have b,=b,, o b,=b,
for 1=<i. Together with the recursive definition of b’, (4) and (5), this gives
by + bpy=b).

(i) Forg, heG, gith=g-h~*.
(6) (ii) For t € A(B, C or G), tit=t o t=(t3t)$(t32).
(iii) by4tb,=bj.
Now from (3) and the fact that ¥ preserves
Y((op 3 a,) 3 (0, FH ap), (b 3 bp) H (0 $ by)) = (k-85 ' kpo85 %5 . )
Y((op # @) # (@, # ), (b 3 b,) (b; $# by)) = (kv'gn-l’hr'g; LoD

The left sides are equal by (6) but the right sides are not equal since k,# h,. This
contradiction proves the lemma. Q.E.D.
DErFINITION 2.2. (i) For a, a’' € A, let

a =ya' & @y e B)(po¥(a, y) = po¥(d, y)).
(ii) For b, b’ € B, let
b =g b’ & (Ax € A)(pY'(x, b) = po¥(x, b')).
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(iii) For ¢, ¢' € C, let
c=sc’op¥i(l,0)=p¥1(1,c) (i=0,1),
where 1 is the identity element of &.
It follows directly from Lemma 2.2 that =y, =8, and =g are congruence relations,

yielding quotient algebras %/=, B/=, and €/= respectively.
DEFINITION 2.3. If ae A and b € B, let

¥(a/ =y, b/=8) = (po(¥(a, b)), p,¥(a, b)/=0).

LeMMA 2.3. /=, B/=, 6/= € 9,,. ¥ is a well-defined isomorphism,
(9] ¥:%=xB/= =~ ExC/=.

Proof. By Lemma 2.2 and Definition 2.2, x, y, z€ 4 and x#y implies x-z£y-z
and z-x#z-y. Similarly in 8. Thus, %/=, B/= being finite, they are quasi-groups,
i.e., x,y € A/= implies 3z € A/= with x-z=y, etc. Thus we can choose, a, a; € 4
and b, b, € B with a-a,=a and b-b,=b. Then by Lemma 2.2, p,¥(a-a,, b-b,)
=po¥(a, b). Hence p,¥(a,, bp)=1. Therefore

po¥(a, bo-bo) = po¥(a-ao, bo-bo) = po¥i(a, bo)
giving by-bo=b,. And for any x € A4,

Po¥(x-ao, bo) = po¥(x-ao, bo-bo) = po¥'(x, bo),
giving x-a,=x. A continuation of this argument shows that a,/= and b,/= are
two-sided unit elements in %/= and B/= respectively.

%A/= is now seen to be associative by the following calculation (a similar
argument works for B/=). Let x, y, z€ 4. Then

Po¥(x-(y-2), bo) = po¥(x-(y-2), bo-(bo-bo)) = Po¥((x*y)-2, (bo bo)- bo)
= po¥((x-)-2, bo).
Thus x-(y-z)=(x-y)-z. The remainder of the proof is straightforward. Q.E.D.
From Theorem 3.7 of [6, p. 46] the assumption that & is indecomposable implies
that the image of & under the group isomorphism ¥ -* projects biuniquely either

into A/= or into B/=. There is no loss of generality in assuming that the latter
case holds.

I p,¥ ~!imbeds @ in B/=.

Since it follows from Definition 2.2 that the finite cardinality of B/= is no greater
than that of G, we actually have the following.

LEMMA 2.4. B/= >~ . Moreover, if b € B and c € C, then there is a unique element
g € G such that b=p,¥ (g, c).

For the remaining discussion fix an element a, € 4 such that a,/= is the identity
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element of A/=, and a similar element b, € B. Let ¢o=p,¥(ay, by) so that ¢o/=
is the unit of €/=.

DEFINITION 2.4. (i) D=<bo/=, o). Thus D € X, and Dc B. (ii) n, maps B into
bo/ =. Let no(b) =d iff d=b, and there exist g, h € G and ¢ € C satisfying ¥ (a, - ao, b)
=(g ¢), p, ¥~ (h, 0)=d.

By Lemma 2.4, 7, is well defined. 7, is a first approximation to a function
7: B — D which we need to show that B> B/= x D> ® xD. From the further
discussion it can be seen that 7, need not have the required property of mapping
each class b/ = bijectively onto b,/ =. The next few lemmas prepare the ground for
the construction of 7. Recall the introduction of the notions ~g and Rg in Definition
1.2 and the succeeding remark. Using the notation f* for the set mapping induced
by a function f, observe that

Y(a/=,b/=) = (g, c/=) iff ¥*a/=xb/=) = {g}xc/=,

that ¥(a, b)=(g, ¢) implies ¥*(a/~y x b/ ~8)={g} x c/~s, and that in general,
x~y implies x=y.

LEMMA 2.5. (i) Let g, he G and ¢, ¢’ € C. Then
¥ Yg o) ~ep¥ (g ) iff pY (k) ~8p ¥ i C).

(ii) o is @ homomorphism from B into .
(iii) If b, b’ € B and b="b', then b~b' iff no(b)~ne(b").

Proof. (i) u~gv means that for every x € B, u-x=v-x and x-u=x-v. Now if
xe Band ¥(ap, x)=(k, "), then [p, ¥ ~1(h, ¢)]- x=[p, ¥ ~(g, O)]- [p,¥ ~*(g " hk,c")]
and [p, ¥ (h, )] x=[p,¥ (g, )] [p,¥ (g~ 'hk, ¢")]. The continuation is
obvious.

(ii) Let b, b’ € B and choose a, @, b, b, etc. with b=b,=b’" and ¥(a,, b)=(g, ¢),
¥(a, b)=(h, c), ¥(ap, b)=(g’, ¢'), ¥(@', b')= (I, ¢'). This is possible by Lemma 2.4.
Since a,=ay-a,, it is clear from Definition 2.4 (ii) that (i) above applies and we
have b~7o(b) and b’ ~74(b’). Moreover, clearly

7o(b-b") = b-b" = 74(b)-b" = no(b)-no(d").
Part (iii) is immediate from part (i). Q.E.D.

LEMMA 2.6. If b € B, then
() [6/=|=bo/=|.
(i) |b/= N Ry|=|bo/= N Rs|.

(iii) |b/ ~m|=|no(b)/ ~8|-

(Note that no(b)| ~8< bo/=.)

Proof. Let b € B and let S=Y¥*(4 x b/=). By Lemma 2.4, p, maps S biuniquely
onto C. Hence |A4|-|b/=|=|S|=|C]| is independent of b, giving (i). A similar
observation, replacing S by SN Re.c=Y*[Rux(b/= N Re)] gives (ii)
(p¥(S N Re «6)= Re).
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To get (iii), fix g, h, ¢ and a with ¥(a,-ay, b)=(g, ¢) and ¥(a, no(b))=(A, ¢).
Then ¥*(a,/= x b/ =)={g} x ¢/= and ¥*(a/= x bo/=)={h} x ¢/=. Moreover, by
Lemma 2.5 (i) there is a subset T of C with ¥*(ao/= xb/~8)={g}xT and
¥*(a/ = x no(b)/ ~8)={h} x T. Putting these relations together with (i), (iii) follows.
Q.E.D.

REMARK 2.1. Putting Lemma 2.5 (iii) and Lemma 2.6 together we find that, by
finiteness assumptions, 7, maps any complete set of representatives of the ~gp
classes contained in /= onto a complete set of representatives for the ~g classes
contained in by/=.

LEMMA 2.7. If b€ B, then 7o maps b/= N Ry bijectively onto by/= N Ry and
b/~m N Rs bijectively onto n4(b)/'~s N Rs.

Proof. By Lemma 2.5 (jiii), Lemma 2.6 and finiteness, it will be seen that it
suffices to prove that p¥(b/= N Ry)2bs/= N Rs. Let y € bo/= N Ry. Since 7, is
a homomorphism and the identity map on bo/=, choose y,, ¥, € bo/= with
y=Yyo-y;. Using Remark 2.1, choose t=5 such that 5o(¢)~sy,. Then t-y, =5,
t-y1 € Ry and 7o(t- y1) =n0(t) *no(¥1) =10(t) - y1=Yo-y1=y. Q.E.D.

Now to conclude the proof of Theorem 2.1, let 5 be any function from B onto
bo/= such that 5 agrees with 7, on Rg while for every b € B, » maps (b/~)~ Ry
bijectively onto (34(b)/ ~)~ Rs. By 2.6 and 2.7, such functions exist. That » maps B
into ® homomorphically is obvious. By 2.5, 2.6, 2.7, and Remark 2.1, y maps b/=
bijectively onto bo/= for each b € B. Hence ¢(b)=(b/=, n(b)) defines an isomor-
phism between B and B/= x D. Thus |C|=|4 x D|. An isomorphism A between €
and A x D is therefore defined by letting A(c)=(a, 7(b)) where ¥(a, b)=(1, c). (It
is enough to show that A is injective. But if ¥(a, b)=(1, ¢) and ¥(a, b")=(1, ¢’)
then b=b'. Hence if n(b)=n(b’) then b=5b" and c=c".)

3. Finite semigroups. ¥, and ¢, denote, as in the last section, the classes of
finite groups and groupoids respectively. It is known from [6, Theorem 3.10, p. 49]
that finite groupoids with a neutral element have the unique factorization property.
Recent results of Chang, Jonsson, Tarski [2] and Jonsson [5] exhibit as special
cases certain other classes of groupoids with this property. We give in this section
yet another result of this sort.

Throughout the section, & denotes the class of all finite groupoids A={4, ->
satisfying the following two conditions:

(1) (Vx,p, z€ AN(x-y)-z = x-(y-2)).

Q2) Vx,ye AD)Au,veA)x #y—>u-x #uyAxv#y-).

It must be emphasized here that in (2) the existence of , v with these properties
independently of x, y is not asserted. Notice also thatif %, B e X, thenAx Be S
iff %A, Bes

THEOREM 3.1. Every algebra in S has the unique factorization property.
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In other words, if A € & and A~ P, B, ~ P;.,€; with B, and €, indecomposable
(and having more than one element) for all i € I and j € J, then there exists a one-to-
one map ¢ of I onto J such that B;,>C,, forallie

Groupoids satisfying (1) are usually called semigroups. Before proving the
theorem, it may be worthwhile to indicate why some condition such as (2) must be
imposed in order to ensure that a finite semigroup have the unique factorization
property. The example given below depends in an obvious way on a flagrant
violation of (2). Since this semigroup is commutative, the example solves a question
stated by Chang-Jonsson-Tarski in [2, p. 32].

Since we are assuming that each ordinal is identical with the set of all smaller
ordinals, the example may be described as follows. For 0=x, y<®6, let x-ay=1
if both x and y are =3 and let x o 4y =0 otherwise. For 0=x, y<4, let x-gy=1 if
both x and y are =2 and let x-sy=0 otherwise. Clearly, A=<6, on> and
B =4, og> are commutative semigroups. Moreover it is easy to find isomorphisms
between A x O, and B x O,. Since A, B, O, and O3 are all indecomposable and
mutually nonisomorphic, it follows that the semigroup % x O, does not have the
unique factorization property. (Recall that the definition of Oy, in Definition 1.2
specializes to groupoids and yields a semigroup.)

For the purpose of proving Theorem 3.1 let & denote a one-element groupoid
and, whenever % € £, let g(A) € ¢, and s(N) € ¥, denote ambiguously any group
and groupoid such that A ~g(A) x s(A) and such that every factor of s(A) which
belongs to ¥, is isomorphic to &. By Corollary 2.2, g(¥) and s(%) are determined
up to isomorphism by .

LEMMA 3.1. If U, Be X, then g(A x B)~g(A) xg(B) and s(A x B) =~ s(A) x s(B).

The lemma is an easy consequence of Theorem 2.1. Before continuing, we need a
few simple facts from the theory of semigroups [3, Chapter 1].

Every finite semigroup has idempotent elements, in particular some power of
each element is idempotent. (An element e is idempotent iff e-e=e. We can speak
of powers because the operation satisfies (1).)

If e is an idempotent in the semigroup %, then we use the notation A*={4°, o)
for the largest subgroup of % containing e as its identity element. Thus

A*={xecAd:.:exe=x AN@yed)(xy=y-x=e)}

The following lemma gives the only essential application of the condition (2)
required in our proof of Theorem 3.1.

LEMMA 3.2. Let %, B, €, D e ] let e A be any idempotent element of U and
assume that ¢: Ax BxEx D. Then

¢*(QI¢ X SB) = @o X mo
for some €,=€ and D= D.
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Proof. (Of course a similar statement holds if the idempotent is chosen from
any of B, G, or D.) Let %, B, €, D, ¢, and ¢ be given satisfying the hypotheses.
Given (a, b), (@', b') € A*x B and (c, d),(c'd") e Cx D with ¢(a, b)=(c,d) and
é(a’, b')=(c’, d’) it must be shown that ¢ ~1(c’, d) € 4°x B. Let (a”, b")=¢"(c’, d).

(1) e-a"=a".

Assume that (1) is false. Then by the definition of & pick x € A such that
x-e-a"#x-a". Let ¢(x,b)=@w,v), ¢(x-e, b)=(r,s). Then since (x,b)-(a,b)
(xe, b)(a, b) we have v-d=s-d. Similarly, u-¢'=r-¢’. Thus (4, v)-(¢’, d)=(r,5)-(c’,d)
and x-e-a"=x-a" contradicting the choice of x. Thus (1) is true.

2) a"-e=a".

The proof is similar.

() Axe A)(x-a"=a"-x=e).

To prove this let m> 1 be such that the mth powers of (a, b) and (a’, b’) are both
idempotent. Then a™=(a’)"=e. And

(e, dy™(c’, d)y"-(c’, d)" = (c™-(c')", d™(d')").
Hence
@) =e(@)-e=a"(@y@) = @)@r=e
We can take x=(a")""! in (3).

(1-3) give a” € A° completing the proof. Q.E.D.

Theorem 3.1 is easily seen to be equivalent to the following theorem which will
now be proved.

THEOREM 3.2. Let A, B, €, D e .S with A directly indecomposable and N x B
~CxD. Then €', €", D', D" € & such that U=C' x D', BxC"x D", €~C' xC”
and D> D' x D". (Either €' =& or D'~¢8.)

Proof. Under the given assumptions, choose an isomorphism ¢ from %A x B
onto € x D and pick idempotent elements e € 4, e’ € B, fe C and f’ € D such that
é(e, €)=(f,f"). Also assume that A~ s(A) and g(A)~&. Otherwise Theorem 3.1
applies. (Since % is directly indecomposable, either g(%) ~ & or A~ g(A).)

By Lemma 3.2 we have

$*(Ax B) = € x D,,
o $*(A°x B) = €, x Dy,

¢*(2[0 X %o) = @ X @tl,
where A, =AU, B, B, €y, €, <C, and Dy, D, = D. Since A is indecomposable and
A~ s(A) > 5(€o) xs(Dy) by Lemma 3.1, we may assume that s(D,)=~& and
consequently that D, is a group.

2) Dp=D", Uy=A and D, =D. Moreover,

¢*(QI8 X %o) = @1 X @II.

That D,=D” is now obvious from the preceding remark and the observation

that ¢*(U° x B*)=C'x D’. From this and (1) it follows that A,=A. To see that
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D=9D,, let d be an arbitrary element of D and let (a, b)=¢"(f, d). Since also
d(e, €)=(f,f"), by Lemma 3.2 ¢(a,e') € C/x D. But by (1) and the fact that
Do=D", ¢(a, e’) e Cx D”. Thus ¢(a, ') € C' x D' implying a € A°. This in turn
gives (a, b) € A°x B and d € D,. Thus D=D,. The last statement is immediate by
taking intersections.

From (1) and (2) we obtain

(©) 5(Bo) = 5(Cy), B=Dx[s(€,)xg(@)], and CxAx[s(€,)xg(©)].

The first assertion follows from the last part of (2): 5(B,) = s(A° x B,) and 5(€,) =~
5(€, x D). Also we have

g8(B) = £xg(VB)
~ g(A x B) = g(€) x g(D),
5(B) ~ s(A°x B) =~ s(€,) xs(D)

by (1), (2), and Lemma 3.1. Hence

B ~ g(B)xs(B) = D x[s(C,) xg(C)].
In a similar vein,
5€) ~ s(Ex D) ~ s(Ax By)
~ Axs(Bo) =~ Axs(E,).

Multiplying by g(€), we get (3).
Now let €'=%, D'=¢, €"=5(C,)xg(€), and ®"=D and Theorem 3.2 is
completely proved. Q.E.D.

4. Discussion. To my knowledge, Theorem 2.1 presents a phenomenon not
previously recognized: refinement theorems have always required all algebras
occurring to satisfy some condition other than finiteness; e.g., in [5] and [6] all
structures are required to possess a special element with most of the properties of a
neutral element. Unfortunately, it seems likely that the phenomenon is limited to
algebras with only one pperation. Some evidence will be given at the end of this
discussion.

By a neutral element in a groupoid %, we mean an element 1 € 4 satisfying
1-x=x-1=x for each x € 4. By a loop we mean a groupoid with a neutra] element
and satisfying in addition: whenever x, y € 4, there exists a unique solution u € 4
of the equation x-u=y, and a unique solution v€ 4 of the equation v-x=y.
With this definition, all results of section two remain true with *“group” replaced
by “loop”. The proofs are almost identical with those given, except that the proof
of the modified form of Lemma 2.2 requires the fact that in every finite loop the
function f(x, y)=x-z where y-z=1, coincides with some polynomial in the basic
operation. The question whether *“group” may be replaced by *“groupoid with a
neutral element” in Theorem 2.1 or in some of its corollaries seems very interesting.
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To continue, let us agree to speak only of finite algebras and to call a finite
algebra prime iff it is o -prime in the sense of Definition 1.1 where 2 is the class of
all finite algebras of the same type. The following problems are open.

ProBLEM 1. For which operational types = are there prime algebras of type ?

ProBLEM 2. Characterize intrinsically the prime algebras of given type, or show
that the problem is in some sense recursively unsolvable.

We have observed that indecomposable loops with more than one element are
prime, but this result does not exhaust the prime groupoids (e.g. the semilattice
with two elements and the Sheffer stroke operation on a two-element set are prime
groupoids). The argument of §2 can be altered to produce prime algebras of type
{n) for n22. I know of no examples among unary algebras, i.e. algebras of type
{1>. It can be verified that a prime unary algebra {4, f> must contain no cycles:
if xe A, m21, and f™(x)=x, then f(x)=x. According to an unpublished result of
Ralph Seifert, every prime unary algebra is connected in the sense that if x, y € 4,
then for some m, n>0, f™(x)=f™(y).

We conjecture that prime algebras with more than one basic operation do not exist.
This would rule out any extension of Theorem 2.1 to richer operational types.
To conclude, we will present two examples which tend to reinforce this conjecture.

In the first example, =<2, 2). Let A={4, +, -) where + and - coincide on 4
and {4, +) is a two-element group. Let 8=<B, +, > where (B, +) and (B, -)
are the two distinct groups on a two-element base B. It is easy to see that A x B
~ B x B. Hence %A is not prime. B is not prime but the proof will not be given.

In the second example, =<2, 1). Let =2, -, —) be a two-element boolean
algebra with smallest element 0. Let B,=<2, -° —%, B;=¢4, -}, -, and
B,={4, -2, —2> with operations defined as follows. —? is the cyclic permutation
(01) whereas —* and —2 are both identical with the permutation (0123). Set
x-% =0 for 0<x, y<2 and set x-2y=0 for 0= x, y <4. Finally, let 3’=1'=1 and
2'=0'=0 and set x-'y=x"-)' for 0=x, y<4. Then it is fairly easy to see that
By x B, =P x B, whereas P B, (i=0, 1).

This last example is particularly interesting because every finitary operation on
the set 2 can be expressed as a polynomial in the operations of . In addition, the
example modifies to show that if O is any set of operations on 2, then the algebra
(B, O) with the additional operations is not prime.

ADDED APRIL 12, 1968. In a paper which will soon appear in Acta Math. Acad.
Sci. Hungar., Ldszlé6 Lovdsz has constructed an embedding of the semigroup of
isomorphism types of finite relational structures (of a fixed similarity class), under
the operation of direct product, into a direct power of the integers under multipli-
cation. In the process, he has established a very beautiful and general cancellation
theorem which contains Corollary 2.3 of this paper.

Ralph Seifert, a student at Berkeley, has recently proved the nonexistence of
prime unary algebras (Abstract 67T-446, Notices Amer. Math. Soc. 14 (1967),
554).
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